Introduction
The goal of this article is to discuss relationships between the Laplace spectrum, the length spectrum and the geodesic flow of compact Riemannian manifolds. We will say two compact Riemannian manifolds M 1 and M 2 are Laplace isospectral if the associated Laplace-Beltrami operators, acting on smooth functions, have the same eigenvalue spectrum. We will say they have C k -conjugate geodesic flows if there exists a C k -diffeomorphism F : S(M 1 ) → S(M 2 ) between the unit tangent bundles which interwines the geodesic flows of M 1 and M 2 .
Since the Laplacian may be viewed as the quantum analogue of the classical dynamics, i.e., the geodesic flow, one might expect that Laplace isospectral manifolds would have conjugate geodesic flows. However, this is not the case. For example, flat tori with C 0 -conjugate geodesic flows must be isometric, whereas examples of Laplace isospectral, non-isometric flat tori are well-known ( [7] , [18] ). Similarly, C. Croke ([8] ) and J. Otal ([19] ) have independently shown that negatively curved surfaces with C 1 -conjugate geodesic flows must be isometric, whereas examples of Laplace isospectral, non-isometric Riemann surfaces have been constructed in every genus ≥ 4 (see [4] , [5] ). As we will discuss below, even continuous families of Laplace isospectral manifolds need not have C 0 -conjugate geodesic flows. The length spectrum of a compact Riemannian manifold M is the collection of lengths of closed geodesics, counted with multiplicities. We define the multiplicity of a length to be the number of free homotopy classes of closed curves containing a geodesic of the given length. (Other notions of multiplicity also appear in the literature.) We will call the collection of lengths, without multiplicities, the weak length spectrum. For generic manifolds, the Laplace spectrum determines the length spectrum ( [6] , [10] ). However, the known examples of Laplace isospectral manifolds are far from generic, and it is interesting to compare their length spectra. All known examples have the same weak length spectrum; however, in some cases the multiplicities of the lengths differ (see [12] , [14] ).
Most known examples of Laplace isospectral manifolds are constructed by representation theoretic methods. All manifolds constructed by these methods are actually strongly isospectral, i.e., all natural strongly elliptic self-adjoint operators on the manifolds (e.g., the Hodge Laplacian on pforms) are isospectral.
In Section 1, we review the representation theoretic methods and explain why the resulting Laplace isospectral manifolds have the same weak length spectra. We also illustrate these ideas by proving a new result: Theorem A. Compact orientable strongly isospectral hyperbolic manifolds always have the same length spectra.
We remark that every free homotopy class in a hyperbolic manifold contains a unique geodesic, so our notion of multiplicity agrees with all other notions in the literature. For Riemann surfaces, the Selberg trace formula shows that the Laplace spectrum determines the length spectrum; however in higher dimensions, one cannot read off the multiplicities from the Selberg trace formula. In case the length spectrum is simple (i.e., all lengths have multiplicities one), Colin de Verdière showed that the Laplace spectrum determines the length spectrum ( [6] ); see also [10] . The prime ingredient in Theorem A is a recent result of H. Pesce ([22] ) showing that all strongly isospectral hyperbolic manifolds can be constructed by representation methods.
The primary emphasis of this article, however, is on nilmanifolds. These are among the simplest of the Riemannian manifolds, yet they have a very rich geometry. In Section 2, after reviewing the construction of Laplace isospectral deformations of nilmanifolds (again via representation theoretic methods) and discussing their length spectra, we announce the following results: 
Representation theoretic techniques
Given a Lie group G and a uniform discrete subgroup Γ (here uniform
We will say two uniform discrete subgroups Γ 1 and Γ 2 of G are representation equivalent if R Γ 1 is unitarily equivalent to R Γ 2 .
The condition that Γ 1 and Γ 2 are representation equivalent can be restated in terms of a conjugacy relationship between Γ 1 and Γ 2 as follows: 
Here the volume is computed using the Haar measures chosen above. In particular, Γ 1 and Γ 2 must intersect exactly the same G-conjugacy classes.
, so Γ 1 and Γ 2 are representation equivalent if and only if they meet each conjugacy class of G in the same number of elements.
Sunada ([25] ) gave an elegant method for constructing strongly Laplace isospectral manifolds with a common finite covering. A number of generalizations have followed (e.g., [1] , [3] , [23] ). Most, but not all, known Laplace isospectral manifolds can be obtained by these methods. We state one generalization here. Sunada's Theorem is the special case that G is finite. Another special case-that G is a connected Lie group and M = G with a left-invariant Riemannian metric-is both elementary and classical.
Proposition. ([9]) Let
We now compare the length spectra of the manifolds in Proposition 1.2. For simplicity here, we assume M is simply-connected so that π 1 (M i ) = Γ i . Recall that free homotopy classes of closed curves in a manifold correspond to conjugacy classes of the fundamental group. We now turn to hyperbolic manifolds. Recently H. Pesce proved a converse to Proposition 1.2 in this case. We now use Lemma 1.1 and Propositions 1.3 and 1.4 to prove Theorem A in the introduction.
Proposition. ([22])
Recall that if M = Γ \ H n is a compact hyperbolic manifold, then the centralizer C(γ, Γ) is cyclic for all non-trivial γ ∈ Γ (see [2] ). We say γ is prime if C(γ, Γ) = < γ > . In general, γ = γ k for some prime element γ ∈ Γ and k ∈ Z + and then C(γ, Γ) =< γ >. 
and
Hence by Lemma 1. 
Thus subtracting these contributions from α h (Γ 1 ) and α h (Γ 2 ) (in the notation of Lemma 1.1), we see that the sum of the remaining terms, corresponding to the prime conjugacy classes, must match. Next arguing as in the initial step, we see that [h] G contains the same number of prime Γ 1 and Γ 2 conjugacy classes. Theorem A now follows from Proposition 1.3.
Geodesic flow on nilmanifolds
Let G be a simply-connected nilpotent Lie group, g a left-invariant Riemannian metric on G, and Γ a uniform discrete subgroup of G. The compact Riemannian manifold (Γ \ G, g) is called a nilmanifold. If G is k-step nilpotent, we say Γ \ G is a k-step nilmanifold. See [11] for a discussion of the geometry of nilmanifolds.
We first review conditions for two nilmanifolds to be Laplace isospectral.
Definition. Let Γ be a uniform discrete subgroup of a simply-connected nilpotent Lie group G. An automorphism Φ of G is said to be Γ-almost inner if Φ(γ) is conjugate to γ for all γ ∈ Γ. The automorphism is said to be almost inner if Φ(x) is conjugate to x for all x ∈ G.
The Γ-almost inner automorphisms and the almost inner automorphisms form connected Lie subgroups of G. In many cases these groups properly contain the group Inn(G) of inner automorphisms. G, g ), so the deformations may be viewed as deformations of metrics on the same underlying manifold.
Proposition. ([12], [13]) Let (Γ \ G, g) be a nilmanifold and Φ a Γ-almost inner automorphism. Then Γ and Φ(Γ) are representation equivalent subgroups of G and thus (Φ(Γ)\G, g) and (Γ\G, g) are strongly Laplace isospectral. Moreover, they have the same length spectrum. If {Φ t } t is a continuous family of Γ-almost inner automorphisms not lying in Inn(G), then (Φ t (Γ) \ G, g) t is a non-trivial deformation of (Γ \ G, g).

Note that (Φ(Γ) \ G, g) is isometric to (Γ \
In case G is two-step nilpotent, H. Ouyang and H. Pesce ([20] , [21] ) independently proved conversely that every Laplace isospectral deformation (Γ \ G, g t ), where the g t lift to left-invariant metrics on G, arises from a family of Γ-almost inner automorphisms. If Φ is a Γ-almost inner automorphism, then by the argument in the proof of Proposition 1.3, we see that Φ gives a marking between the length spectra of (Γ \ G, g) and (Φ(Γ) \ G, g). The converse holds as well: R. Gornet ([14] ) has constructed an example showing that the "only if" statement fails for higher-step nilmanifolds.
Definition. Two Riemannian manifolds
Proposition. (Eberlein [11]) Given two-step nilmanifolds
Before stating our results on geodesic flows, we need to take a closer look at almost inner automorphisms (see [12] , [13] ).
Definition. A derivation ϕ of a Lie algebra g is said to be
almost inner if ϕ(X) ∈ [X, g] for all X ∈ g, i.e.,
there exists a map B : g → g (not necessarily continuous) such that ϕ(X) = [B(X), X].
If ϕ is an almost inner derivation of a two-step nilpotent Lie algebra g, then ϕ 2 = 0 and thus Id + ϕ = exp(ϕ) is an automorphism of g. Under the isomorphism Φ → Φ * between automorphisms of a simply-connected Lie group and automorphisms of its Lie algebra, we have :
Lemma. Let G be a simply-connected two-step nilpotent Lie group. An automorphism Φ is almost inner if and only if Φ * = Id + ϕ where ϕ is an almost inner derivation of the Lie algebra g of G. In the notation of 2.5, we then have
X , where a X = exp(B(X)).
The analogous statement holds for Γ-almost inner automorphisms but then ϕ is only "Γ-almost inner" in the sense that ϕ(X) ∈ [X, g] for those X such that exp(X) ∈ Γ.
We remark that the mapping B in Definition 2.5 can't be continuous at 0 unless ϕ is inner. Indeed linearity of ϕ implies that ϕ(X) = [B(tX), X] for all non-zero t ∈ R. If ϕ were continuous at 0, we would then have ϕ(X) ≡ [B(0), X]. A similar argument shows that B can't be continuous at any point in the center of g unless ϕ is inner. [g, g] . We will say an almost inner derivation ϕ of g is of continuous type if the map B in 2.5 can be chosen to be continuous on v − {0}. We will also say the corresponding almost inner automorphism Φ of the associated simply-connected Lie group G is of continuous type (see Lemma 2.6 ).
Definition. Let g be a two-step nilpotent Lie algebra and let v be a vector space complement of [g, g]. Note that [g, g] is central and thus any almost inner derivation is zero on
We can now give a more precise statement of Theorem B in the introduction.
Theorem. Suppose a two-step nilmanifold
) for some almost inner automorphism Φ of continuous type.
Thus the set M in Theorem B can be taken to be all (Γ \ G, g) such that G admits no almost inner automorphisms of continuous type other than the inner ones. (Note that if Φ is inner, then (Φ(Γ) \ G, g) is isometric to (Γ \ G, g) .) We will enlarge M below.
Examples.
i) Many two-step nilpotent Lie groups admit no almost inner automorphisms except for the inner ones. This is true, for example, for the Heisenberg groups, i.e., the two-step nilpotent groups with one-dimensional centers. ii) By the comments preceding Definition 2.7, no Lie group whose center properly contains its derived group can admit a non-inner almost inner automorphism of continuous type. iii) (see [13] ). Let G be the six-dimensional simply-connected nilpotent Lie group with Lie algebra
and with all other brackets of basis vectors trivial. The almost inner derivations of g are the linear maps which send X 2 and Y 1 to multiples of Z 1 , send X 1 and Y 2 into span{Z 1 , Z 2 } and send Z 1 and Z 2 to 0. These form a 6-dimensional space containing the inner derivations as a four-dimensional subspace. The converse of Theorem 2.8 does not hold. In fact, the authors know no examples of non-isometric nilmanifolds with C 0 -conjugate geodesic flows. A. Kaplan ([16] ) defined a special class of two-step nilpotent Lie groups with left-invariant metrics (G, g) which he called Lie groups of Heisenberg type. These manifolds have a surprisingly rich and varied geometry and have been studied by several authors (e.g., [11] , [24] ). We will call any associated (compact) nilmanifold (Γ \ G, g) a nilmanifold of Heisenberg type. The associated Lie algebras are surjective in the sense of Example 2.9(iv) and thus all Lie groups of Heisenberg type with center of dimension greater than one admit continuous families of almost inner automorphisms of continuous type. However, we have:
Theorem. If the geodesic flow of a nilmanifold M is C 0 -conjugate to that of a nilmanifold N of Heisenberg type, then M is isometric to N .
Thus M may be enlarged to include the nilmanifolds of Heisenberg type. We end with a discussion of the geometric ideas underlying Theorem 2.8. The Riemannian metric on G defines an inner product on the Lie algebra g. Let S be the unit sphere in g relative to this inner product. The leftinvariant vector fields give a parallelization both of T G and of T M, where M = Γ \ G. In particular the unit tangent bundle SM may be identified with M × S, and π 1 (SM ) is isomorphic to Γ.
Suppose the geodesic flow of M * is C 0 -equivalent to that of M , say, Ψ : SM → SM * intertwines the flows. The induced isomorphism on fundamental groups, Φ : Γ → Γ * , is then a marking between the length spectra. By Proposition 2.4, after composing Φ with the differential of an isometry, we may assume that G = G * , g = g * and Φ extends to a Γ-almost inner automorphism Φ of G.
). The Levi-Civita connection for a left-invariant metric satisfies
Thus if X is orthogonal to the derived algebra, then ∇ X X = 0 and the integral curves h exp(tX), h ∈ G, are geodesics in G. (Here exp denotes the Lie group exponential.) Their projections to M = Γ \ G are then geodesics in M .
Let v be the orthogonal complement of the derived algebra [g, g] . For simplicity here, we restrict our attention to the special case where Γ is compatible with the metric in the sense that L := {X ∈ v | exp(X) ∈ Γ} is a lattice of full rank in v. (The ideas in this case go through in general but with considerable complications.)
In our special case ,
is dense in the unit sphere S ∩ v. If X ∈ S L , then the geodesic exp(tx) descends to a closed geodesic in M in the free homotopy class [γ] Γ , where γ = exp(t 0 X) for t 0 the smallest t ∈ R + such that exp(tX) ∈ Γ. If h ∈ C(γ, G), then h exp(tX) also descends to a closed geodesic in this class.
(Side remark: The corresponding closed geodesics in M foliate the submanifold C(γ, Γ) \ C(γ, G). This gives a geometric interpretation of the expression α h (Γ) in Lemma 1.1.)
The geodesic orbit in the unit tangent bundle SG = G×S corresponding to the geodesic h exp(tX) is given by h exp(tX) × {X}. Thus the geodesic orbits in SG which descend to closed orbits in SM in the class [γ] Γ foliate the submanifold C(γ, G) × {X}.
(Note: We are being deliberately inaccurate here to avoid minor technical details in the discussion. In particular, the curves γ h exp(tX), γ ∈ Γ, h ∈ C(γ, G) also project to closed geodesics.)
The geodesic conjugacy Ψ : SM → SM * carries closed geodesics in [γ] Γ to closed geodesics in the free homotopy class [Φ(γ)] Φ(Γ) . Since Φ is a Γ-almost inner automorphism, there exists a γ ∈ G such that Φ(γ) = a γ γa in particular, settingB(X) = B(t 0 X), we have ϕ(X) = [B(X), X] for all X ∈ S L . One now uses the fact that the homeomorphismΨ maps C(γ, G) × {X} to exp(B(X))C(γ, G) × {X} for all X ∈ S L and the density of S L in S to argue thatB extends continuously to S ∩ v and thus defines a continuous homogeneous mapB : v − {0} → g. By continuity of both ϕ andB, we have ϕ(X) = [B(X), X] for all X ∈ v − {0}. Thus Φ must be almost inner of continuous type.
